In the collision of nuclei at high energies the produced matter reinteracts and forms a plasma which ultimately equilibrates and exhibits collective hydrodynamic flow. While a general theory of the equilibration process has been outlined previously, there were no practical frameworks to smoothly connect the early gluon production in classical field simulations with hydrodynamic simulations of the late time plasma expansion. We provide this practical tool (called KøMPøST) by constructing a set of non-equilibrium Green functions calculated in QCD kinetic theory. We demonstrate with a realistic simulation of a heavy ion collisions the smooth transition from the classical fields to hydrodynamics, and calculate the pragmatic lower bound on the system size for the hydrodynamics to be applicable.
Introduction
In the last couple of decades there has been an intense experimental and theoretical effort in studying the deconfined state of nuclear matter-the quark-gluon plasma (QGP)-which is believed to be formed in relativistic nucleus-nucleus collisions. A surprisingly successful description of the plasma expansion is given by relativistic viscous hydrodynamics [1, 2, 3] . Model to data comparisons allow to constrain fundamental properties of QCD medium, e.g shear viscosity over entropy ratio η/s or the QCD equation of state. However, the study of how such macroscopic medium description can arise from the microscopic far-from-equilibrium QCD physics is an active field of research [4, 5, 6] .
A significant progress in describing the initial stages of heavy ion collisions from first principles can be made in the high-energy limit of centre of mass energy √ s → ∞, where weakly coupled effective descriptions of QCD are applicable. In the color glass condensate (CGC) framework the far-from-equilibrium initial state is dominated by highly occupied gluonic degrees of freedom, which are evolved by classical-statistical Yang-Mills equations of motion [7, 8, 9, 10, 11] . However classical fields never thermalize and once the system is sufficiently dilute, the quantum corrections can no longer be neglected [12, 13, 14] . At this point an alternative descriptions in terms of kinetic theory of quasi-particles is more appropriate [15] . The path from CGC initial conditions to equilibrium has been laid down in the seminal "bottom-up" thermalization paper [16] . Detailed classicalstatistical evolution of gluon fields show that the evolution of bulk quantities indeed follow the first stage of bottom-up thermalization picture [17, 18, 19] . In later stages (described by kinetic theory) particles scatter to isotropize the expanding plasma and bring the system towards thermal and hydrodynamic equilibrium. Such approach to equilibrium for homogeneous expanding systems was realized numerically in recent kinetic simulations [20] . However, realistic initial conditions of heavy-ion collisions have non-trivial transverse geometry. In this work [21, 22] , we apply the weakly coupled QCD kinetic theory to propagated transverse perturbations in out-of-equilibrium plasma and provide a framework (called KøMPøST) to do this evolution in event-by-event nucleusnucleus collisions [23] .
Equilibration and hydrodynamization in QCD kinetic theory
The finite temperature QCD processes are highly non-trivial and require resummation of thermal loop integrals even at leading order, which generate effective temperature dependent screening masses of quark and gluon quasi-particles [24] . The evolution of such quasi-particles is then given by the following Boltzmann equation [15] 
where f (p, x, τ) is the particle phase-space distribution and C 2↔2 [ f ] is the leading order collision integral for elastic 2 ↔ 2 scatterings. For the soft small angle scattering the divergent tree level scattering matrix is regulated by the screening masses [25] . At the same order of the coupling, interactions with the soft gluonic field fluctuations induces number changing processes, which are denoted by the effective 1 ↔ 2 process C 1↔2 [ f ] and include the Landau-Pomeranchuk-Migdal suppression of collinear radiation. This description is leading order accurate in the QCD coupling constant λ = N c g 2 -the only model parameter-for out-of-equilibrium, but parametrically isotropic weakly coupled plasma [15] . Realistic conditions in heavy ion collisions are probably different from this idealized limit, but we may still use this first principle description of QGP to understand the equilibration processes [26, 20, 27, 28] . In the following we use the QCD kinetic theory only with gluon scattering processes included-the equilibration using the full QCD degrees of freedom was recently studied in [29, 30] . First starting from the CGC inspired initial gluon distribution we numerically solve the Boltzmann equation Eq. (2.1) for homogeneous boost invariant system [20] . Different stages of the phase-space distribution evolution is shown in Fig. 1(a) . The elastic scattering process tend isotropize the distribution, while collinear cascade transfers energy from high to low momentum. It is notable that during this isotropization process a large amount of entropy is generated and the gluon number increases by a factor of ∼ 2 [21] . In Fig. 1 (b) the time evolution of the first moment of the same distribution, i.e. the energy density
is shown (ν g = 2(N 2 c − 1)). We observe that the late time behavior of energy density is well described by viscous hydrodynamics, which for the homogeneous boost invariant expansion can be written as a gradient expansion
However, we find that even at earlier times the energy density, which is no longer described just by the gradient expansion Eq. system energy density is the only independent component of the energy-momentum tensor, and therefore the universal curve in Fig. 1(b) fully characterises the early time dynamics of T µν of such system.
The universality pre-equilibrium evolution in rescaled units enables us to determine the relation between the system size and the equilibration time. As is seen from Fig. 1(b) hydrodynamics is a good description at τ hydro ≈ 4πτ R . Note that the system can be considered undergoing a onedimensional expansion only for times smaller than the transverse radius of the system τ < R [22] . Since a three-dimensional expansion is more rapid, it is unlikely that a system will equilibrated if τ hydro > R. Therefore the requirement that τ hydro /R < 1 can be used as a bound for minimal particle multiplicity dN ch /dη for a system to reach hydrodynamization before falling apart. Relating the entropy density in the system dS/dy ∝ dN ch /dη/A ⊥ , where A ⊥ = πR 2 is the transverse area of the system, to the asymptotic constant (τ 1/3 T ) ∞ we arrive at the following equation [22] τ hydro R ≈ 4π(η/s) 2 3 2 dN ch /dη 63
We plotted Eq. (2.4) as a τ hydro /R contour plot in Fig. 2 and indicated typical multiplicity ranges for p-p, p-Pb and Pb-Pb collisions on the plot. Although the ratio τ hydro /R is strongly dependent on the specific shear viscosity, the multiplicity in nucleus-nucleus collisions can be sufficiently large for the plasma to hydrodynamize (i.e. τ hydro R) for a range of physical values of η/s. However in smaller collisions systems with multiplicities dN ch /dη < 10 hydrodynamization is unlikely as τ hydro > R even for a very small value η/s ≈ 0.08. Therefore Eq. (2.4) can be viewed as a pragmatic lower bound on the system size when hydrodynamics becomes applicable.
Transverse pre-equilibrium dynamics
Realistic heavy ion events have non-trivial transverse geometry and kinetic theory pre-equilibrium requires evolution of transverse perturbations. While complete space-time evolution in kinetic theory is computationally expensive, a practical pre-equilibrium evolution can be given by linear Figure adapted from [22] non-equilibrium response functions [28, 21, 22] . For large collision systems and short evolution times we can use the separation of scales between the system size and the causal circle of the pre-equilibrium evolution shown in Fig. 3 R c|τ hydro − τ EKT |.
(3.1)
The energy-momentum tensor can be decomposed locally in a homogeneous background and (small) transverse perturbations
Then the equilibration proceeds in two stages. The uniform, but highly anisotropic background energy-momentum tensor T µν equilibrates according to the scaling curve Fig. 1(b) as described in the previous section. Evolution of phase-space distribution perturbations corresponding to δ T µν is then given by the linearized Boltzmann equation around the background solution [28] . As we are interested in the late time behavior of the energy-momentum tensor, it is convenient to extract just the energy-momentum tensor evolution from the simulation of the full phase-space distribution. Using the results of explicit kinetic theory evolution we construct non-equilibrium response functions G µν αβ (x, x 0 , τ, τ 0 ) which propagate perturbations associated with initial energy (δ T ττ ) and momentum (δ T τi ) perturbations
In general, even a single phase-space perturbation corresponding to energy perturbation in the initial conditions will generate contributions to all components of T µν . Therefore multiple response functions are needed. Using rotational symmetry in the transverse plane, one can decompose the response functions into a tensor basis [21] . For energy perturbations the coordinate space response
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Matching initial stage of heavy ion collisions to hydrodynamics Aleksas Mazeliauskas Figure 4 : Independent components of energy-momentum tensor response to initial energy perturbation. Figure adapted from [21] function G µν ττ (τ, τ 0 , r = x − x 0 ) has four independent structures 4) which are shown in Fig. 4 at different evolution times in scaled variables. The response function smoothly transitions from free-streaming-like response G ∝ δ (∆τ − |∆x|) to late time hydrodynamic response with effective signal propagation speed c s < 1. Note that close to equilibrium, the shear-stress response functions G t,δ s and G t,r s are not independent, but satisfy hydrodynamic constituent equations [21] . This ensures a smooth overlap of kinetic and hydrodynamic descriptions for the perturbations at late times. Analogously to energy perturbations, one constructs response to initial momentum perturbations δ T τi , which have six independent response functions. Importantly the response functions depend on the specific shear viscosity or background energy not directly, but only through the scaled time variable τT id. η/s . This allows the reuse of the tabulated response functions for the propagation of initial perturbations for different background energy density and effective η/s. 
KøMPøST
The tabulated evolution as a function of scaled variable τ/τ R of the background Fig. 1(b ) and the response functions, e.g. Fig. 4 , can be straightforwardly applied to the event-by-event equilibration of out-of-equilibrium initial conditions in heavy ion collisions. We constructed an implementation of such linearized kinetic pre-equilibrium propagator-called KøMPøST-which is publicly available [23] .
The input for KøMPøST can be supplied by CGC based initial state model IP-Glasma [32, 33] or initial state parametrization models, e.g. T R ENTo [34] . At the kinetic starting time τ EKT ∼ 0.1 fm the initial out-of-equilibrium energy momentum tensor T µν (τ, x) is passed to KøMPøST. Then for each point in the transverse plane the decomposition into local background and perturbations is performed, Eq. (3.2). The decomposition is arbitrary as long as perturbations are small and we use Gaussian averaging with 2σ = |τ hydro − τ EKT | to find the background energy density T ττ . Then T ττ , τ EKT and η/s uniquely determines the position on the scaling curve Fig. 1(b) , which is given by analytically parametrized function in the code [23, 21] . The final background energy density and pressures can be read off from the same scaling curve at some later time τ hydro . The energymomentum tensor components which deviate from the averaged homogeneous background T µν are propagated as perturbations. In this work we evolve only initial energy (δ T ττ ) and transverse momentum (δ T τi ) components. Shear-stress perturbations δ T i j -which do not correspond to conserved charges-are neglected. The final energy-momentum tensor T µν (x, τ hydro ) is as a sum of the background T µν (x, τ hydro ) and perturbations δ T µν (x, τ hydro ) obtained from the convolution with the response functions in Eq. (3.3). Finally, the approximately equilibrated T µν can be passed to the subsequent hydrodynamic evolution. The agreement of hydrodynamic and kinetic evolution, e.g. as seen in Fig. 1(b) , ensures that the final observables are not sensitive to the exact switching time. To demonstrate this, we performed the pre-equilibrium evolution of IP-Glasma based initial conditions from τ EKT = 0.2 fm to τ hydro = 0.6−1.2 fm and read out the the energy density and transverse velocity from the hydro- Figure adapted from [21] dynamic evolution at a fixed time τ out = 2 fm. As shown in Fig. 5 the good overlap of curves demonstrate a smooth transition from kinetic to hydrodynamic evolution. Note that at the edges of the fireball-where gradients are especially large-the linearized description is failing and the local fluid rest-frame may not be found. In these isolated cases a regulator is used to facilitate the initialization of the subsequent hydrodynamic evolution [21] . Finally, at the end of the hydrodynamic evolution the hadronic observables, e.g. pion multiplicity dN/dy, mean p T and v 2 are calculated using the standard freeze-out procedures [21] . The dependence of hadronic observables on the switching time τ hydro from KøMPøST to hydrodynamic evolution is shown in Fig. 6 by red points. Comparing with free-streaming pre-equilibrium shown by green points we see that KøMPøST pre-equilibrium is less sensitive to the switching time. In free streaming the energy density is falling slower than in hydrodynamic and therefore the final multiplicity increases with later hydro initialization times. To keep the final particle multiplicity fixed, one would normally readjust the energy density at each starting time. As seen from Fig. 6 no such readjustments are needed for KøMPøST pre-equilibrium. It is important to emphasize that KøMPøST outputs all components of T µν , which smoothly and automatically approach the energy-momentum tensor of the hydrodynamically described medium. Therefore no additional assumptions about the transverse flow or pressures are needed to initialize the subsequent hydrodynamic evolution at τ hydro .
Discussion
We presented a practical implementation of pre-equilibrium evolution of initial conditions for heavy ion collisions based on the QCD kinetic theory. Using the numerical solutions of Boltzmann equation we described the evolution of out-of-equilibrium energy-momentum tensor for CGC motivated initial conditions in terms of kinetic response functions. The publicly available package KøMPøST [21] provides the pre-equilibrium description for event-by-event simulations, which can be straightforwardly incorporated in current hydrodynamic models of heavy ion collisions. We demonstrated that this framework smoothly matches to the hydrodynamic evolution and reduces the sensitivity to the hydrodynamic initialization time. Reducing the dependence on such ad-hoc model parameters could improve the extraction of transport properties of the QGP from model to data comparisons.
